Abstract. The study of Frobenius actions on local cohomology modules over a local ring of prime characteristic has interesting connections with the theory of tight closure. This paper establishes new connections by developing the notion of relative Frobenius actions on local cohomology. As an application, we show that a ring has F -nilpotent singularities if and only if the tight closure of every parameter ideal is equal to its Frobenius closure.
Introduction
Denote by (R, m, k) a commutative Noetherian local ring with unique maximal ideal m and residue field k. Unless otherwise stated, we assume R is of prime characteristic p > 0. We let F e : R → R denote the eth-iterate of the Frobenius endomorphism which maps an element r → r p e . The Frobenius endomorphisms induce natural Frobenius actions of local cohomology modules There are several interesting classes of singularities which can be defined in terms of the behavior of these Frobenius actions. These include F -rational, F -injective, and F -nilpotent singularities. The ring R is F -injective if the Frobenius actions above are all injective. We say R is an F -nilpotent ring if the above Frobenius actions are nilpotent on the local cohomology modules H i m (R) when i < dim(R) and the nilpotent submodule of H d m (R) is "as large as possible." We refer the reader to Section 2 for a precise definition. An excellent equidimensional ring R is F -rational if and only if it is both F -injective and F -nilpotent. All three notions have interesting and important connections with the theory of tight closure.
Let R • be the multiplicative set of elements of R which are not contained in a minimal prime ideal. Given an ideal I ⊆ R we let I
[p e ] denote the expansion of I along F e . If x ∈ R then we say that x is in the tight closure of I if there exists c ∈ R
• such that cx p e ∈ I [p e ] for all e ≫ 0. The collection of all such elements is denoted by I * . If the above element c ∈ R
• can be taken to be the element 1, i.e., if x p e ∈ I [p e ] for all, equivalently for some, e ≫ 0, then it is said that x is in the Frobenius closure of I. The Frobenius closure of an ideal is denoted [HH90, HH94, Hun96] for the basics of tight closure.
A parameter ideal of R is an ideal q which is generated by a full system of parameters for R. The ring R is F -rational if and only if q = q * for every parameter ideal of R. The second author and Shimomoto show in [QS17] that if q = q F for each parameter ideal of R then R is F -injective, but they also show that not every parameter ideal need be Frobenius closed in an F -injective ring. In this article, the following classification of F -nilpotent rings is given: (1) The ring R is F -nilpotent.
(2) q F = q * for every parameter ideal q of R.
The example of an F -injective ring with a parameter ideal not being Frobenius closed given in [QS17] is not equidimensional. However, we shall see that all F -nilpotent rings are equidimensional, and so Theorem A might be an indication that all parameter ideals in an equidimensional F -injective ring are Frobenius closed.
If x 1 , . . . , x d is a system of parameters for R then the top local cohomology module with support in the maximal ideal has a very explicit description:
Furthermore, if R is Cohen-Macaulay, i.e., H i m (R) = 0 for all i < dim(R), then the maps in direct limit system are injective. Having an explicit discription of H d m (R) provides a great advantage in making connections between the behavior of Frobenius actions on local cohomology modules and prime characteristic properties of parameter ideals in rings which are assumed to be Cohen-Macaulay. For example, an important open problem, which is solved in the Cohen-Macaulay case, is whether F -injectivity deforms. That is if x ∈ R is a regular element such that R/(x) is an F -injective ring then is it necessarily the case that R is an F -injective as well? Fedder proved that R is indeed F -injective under the assumptions R is Cohen-Macaulay and R/(x) is F -injective for some regular element x in [Fed83] . We refer the reader to [HMS14] and [MQ] for more recent developments on the deformation of F -injectivity problem.
Similar to the study of F -injective rings, the difficulties of understanding F -nilpotent rings comes from the study of non-Cohen-Macaulay rings. The notion of a filter regular element allows some insight to the behavior of nonzero lower local cohomology modules. An element x ∈ m is called a filter regular element if x avoids all non-maximal associated primes of R. The eth-iterate of the Frobenius endomorphism F e : R/(x) → R/(x) can be factored as
where the second map is the natural projection. In particular, there are induced maps of local cohomology modules
. We say that R/(x) is F -nilpotent relative to R if for each i < dim(R/(x)) and η ∈ H i m (R/(x)) there exists e ∈ N such that F e R (η) = 0 as an element of H i m (R/(x p e )). We will also require that the relative nilpotent submodule of H d−1 m (R/(x)) be as "large as possible." We refer the reader to Section 5 for a precise definition. Our proof of Theorem A will depend on the following characterization of F -nilpotent rings.
Theorem B. Let (R, m, k) be a excellent and equidimensional local ring of prime characteristic p > 0. Then the following are equivalent:
(1) The ring R is F -nilpotent.
(2) For each filter regular element x on R the cyclic module R/(x) is F -nilpotent with respect to R.
Theorem B is crucial to proof of Theorem A, but more is needed. It is not enough to consider the algebraic properties of a filter regular element, we will need to understand algebraic properties of a filter regular sequence. A sequence of elements x 1 , . . . , x ℓ is a called a filter regular sequence if for each 1 ≤ j ≤ ℓ the class of x j is a filter regular element of R/(x 1 , . . . , x j−1 ). We show that ideals generated by a filter regular sequence enjoy the following desirable property: 
The paper is organized as follows: Section 2 covers the basic notions and background material relevant to the results of later sections and develops a few new results concerning F -nilpotent rings. Section 3 is where we prove Theorem C. The proof of Theorem D and other characterizations of lower local cohomology modules to be F -nilpotent can be found in Section 4. The final section, Section 5, is where we piece together the results of the previous sections and prove Theorem A and Theorem B. 
) in H t I (R) as it is realized as the direct limit
.
Filter regular sequences.
Definition 2.1. Let M be a finitely generated module over a local ring (R, m, k) and let x 1 , . . . , x t be a set of elements of R. Then we say that x 1 , . . . , x t is a filter regular sequence on M if the following conditions hold:
(1) (x 1 , . . . , x t ) ⊆ m.
The notion of a filter regular sequence was introduced by Cuong, Schenzel, and Trung in [CST78] . If M is a finitely generated module over a local ring (R, m, k) then a simple prime avoidance argument shows that there always exists a system of parameters for M which is also a filter regular sequence on M. Filter regular sequences are also called m-filter regular sequence in other sources. 
Proof. Equivalence of the first three properties can be found in [NS94, Proposition 2.2]. For the equivalence of (4) with the first three properties we refer to [Quy13, Remark 2.4]. Lastly, observe that the quotient module in condition (1) having finite length is unaffected by completion. Hence condition (5) is equivalent to the other four conditions.
The following result will be useful to this paper (cf. [NS94, Proposition 3.4]). is supported only at the maximal ideal and examination of the long exact sequence of local cohomology modules induced from the short exact sequence
Another useful property of filter regular elements is the following: (1) The Frobenius closure of I is the ideal
(2) The tight closure of I is the ideal 
• and for all e ≫ 0. Both N 
and c ∈ R we will denote by cm p e the element of M ⊗F e * (R) which is mapped to by m under the composition of maps
id ⊗F e * (c) 
See [HQ18, Proposition 3.3] for a proof (cf. Lemma 5.5 below). (4) If R is an excellent equidimensional local ring and x 1 , . . . , x t part of a system of parameters then 
An element c ∈ R
• is called a test element if for all R-modules N ⊆ M if η ∈ N * M then for all e ∈ N the element η is an element of the kernel
is reduced and excellent then R admits a test element. Moreover, we may assume c ∈ R
• is a completely stable test element, i.e., c is also serves as a test element for R. 
F -nilpotent rings. Let (R,
, i.e., the Frobenius action on H d m (R) is nilpotent when restricted to the tight closure of the 0-submodule, i.e., 0
. The study of F -nilpotent rings is predominate in [BB05] and [ST17] . The authors of [BB05] make an explict relation between the Lyubeznik numbers of a closed point x in a variety X defined over a seperably closed field k of prime characteristic p > 0 which is assumed to be F -nilpotent off x andétale cohomology groups of X with coefficients in F p . The authors of [ST17] propose a geometric interpretation of F -nilpotent singularities. Given isolated normal singularity x ∈ X over C, the authors of [ST17] conjecture that a Hodge theoretic condition on the singularity x is equivalent to the reduction mod p of X being F -nilpotent for almost all primes p. They verify their conjecture up to dimension 3. This paper is concerned with algebraic and cohomological properties of F -nilpotent rings. We continue by discussing a well-known fact.
Remark 2.7. Suppose x 1 , . . . , x d is a system of parameters of R. The element 1+(
). Thus the Frobenius action on (2) we let x = x 1 , . . . , x d be a system of parameters for R. Then the Frobenius endomorphism induces a commutative diagram of short exact sequences ofČech complexes:
if and only if 0
. Suppose first that 0
. Denote by ι and π the following maps of local cohomology modules:
The map π is onto and so there existsη ∈ H d m (R) so that π(η) = η. The commutative diagram ofČech complexes induces the following commutative diagram of local cohomology modules:
The Monomial Conjecture is equivalent to the Direct Summand Conjecture. The reader can find proofs of these conjectures in the case R contains a field in [Hoc75] . We also refer the reader to [And, Bha] for proofs of the Direct Summand Conjecture for the case that R does not contain a field.
chase then shows c p e 0ηp e+e 0 = 0 for all e ∈ N, i.e.,η
. But we are assuming R is Fnilpotent, hence for e ≫ 0 we haveη p e = 0 and another diagram chase shows η ∈ 0
. We leave it to the reader to run a similar argument proving if 0
. To prove (3) we may assume R is reduced. Let {P 1 , · · · , P ℓ } be the minimal primes of R and suppose for a contradiction that dim(R/P 1 ) = i < dim(R). Let I = P 2 ∩ · · · ∩ P ℓ . Consider the short exact sequence
It follows that there is an onto map
contradiction since the top local cohomology module of a local ring cannot be F -nilpotent.
For (4) we begin by recalling
. But this is also clear since R
and therefore a large iterate of the Frobenius action on H d m (R) maps η to 0. Conversely, suppose that R is F -nilpotent. To ease notation, given a ring S we write S red to denote S/ √ 0. To show R is F -nilpotent it is enough to show R red is F -nilpotent. Observe R red ∼ = ( R red ) red and so we instead prove R red is F -nilpotent. The ring R red is F -nilpotent by (2). Therefore we may assume R is an excellent reduced ring. All lower local cohomology modules of R are F -nilpotent by assumption and it remains to show 0
. Let
. The ring R admits a complete stable test element and therefore η is an element of 0
as well. By assumption, a large enough iterate of the Frobenius action on H d m (R) must map η to 0.
Remark 2.9. The proof of (3) of Proposition 2.8 did not fully use the hypothesis that R is F -nilpotent. The proof only required that the Frobenius actions on H i m (R) were nilpotent for i < dim(R). Using the language of [Lyu06, Section 4], if the F -depth of a local ring R is equal to the dimension of R, then R is necessarily an equidimensional local ring.
On the complexity of Frobenius powers of ideals
Let (R, m, k) be a local ring of prime characteristic p > 0. An ideal I ⊆ R is said to satisfy condition (LC) is there is an integer C such that for each e ∈ N for all e ≥ 0.
There has been limited progress towards a proof of Conjecture 3.1. See [Hun00, Corollary 3.2] and [Vra00, Theorem 1] for proofs that a homogeneous ideal I of a equidimensional graded ring such that dim(R/I) = 1 satisfies the (LC) condition. We also refer the reader to [Kat98, Theorem 20] for a similar result which should be compared to Theorem 3.4, the main result of this section, found below. Specifically, Theorem 3.4 shows that an ideal generated by a filter regular sequence satisfies condition (LC). We begin with a pair of lemmas. 
Then for each i ≤ t − 1 we have
The assertion follows inductively as for each i ≤ t − (j + 1) there will be short exact sequence (x 1 , . . . , x t ) . However, x 1 , . . . , x t is a filter regular sequence in P = m. So x 1 , . . . , x t becomes a regular sequence after localization at P by Lemma 2.2. So we also have shown H j P R P (R P ) = 0 for all j < t, a contradiction.
We are now ready to prove the main result of this section. Proof. The property that x 1 , . . . , x t is a filter regular sequence is unaffected by passing to the completion of R, see (4) of Lemma 2.2. In particular, by passing to the completion, we may assume R is the homomorphic image of a Cohen-Macaulay local ring. We can further assume that t > 0. For each j ≥ 0 let a j (R) = Ann(H j m (R)) and a = a 0 (R) · · · a t (R 
for all e ≥ 0. Then we can choose a suitable multiple C of C 1 such that
for all e ≥ 0.
Nilpotence of Frobenius action on local cohomology and deformation
Continue to let (R, m, k) be a local ring of prime characteristic p > 0. The first theorem of the section is a deformation type result for F -nilpotent rings. More specifically, Theorem 4.2 provides a necessary and sufficient criteria to determine if the Frobenius endomorphism on H proof of Theorem 4.2 indicates that the result is the best possible towards deforming Fnilpotent singularities. The reader should observe that the Frobenius action on the 0th local cohomology module will always be nilpotent whenever dim(R) > 0. In particular, if R is of Krull dimension at least 2 with parameter element x, then the Frobenius action on H 0 m (R/(x)) will always be nilpotent and cannot detect if the Frobenius action on H 1 m (R) is nilpotent. To describe our deformation type result we will need to discuss the notion of being F -nilpotent relative to R.
Let I ⊆ K be ideals of R. The Frobenius endomorphism F : R/I → R/I can be factored as composition of two natural maps: R/I → R/I
[p] → R/I, where the first map is obtained by base change along the Frobenius endomorphism F : R → R and the second map is the natural projection map. We denote the first map by F R : F R (a + I) = a p + I [p] for all a ∈ R. We say that a local cohomology module H 
. This is equivalent to the requirement that (I : K ∞ ) ⊆ I F . It should also be noted that H 0 K (R) is always F -nilpotent whenever K ⊆ P for all P ∈ min(I). 
Choose e ≫ 0 such that F e (δ(η)) = 0 where
is the e-th Frobenius action on H i+1 m (R). Consider the following commutative diagram whose rows are exact:
Hence there is e ′ ≫ 0 such that F e ′ (η ′ ) = 0. Then examination of the following commutative diagram, whose rows are exact, shows that F
This completes the implication (1) ⇒ (2). Clearly, (2) ⇒ (3) ⇒ (4). We now show that (4) ⇒ (1). Let x be a filter regular element on R such that
is F -nilpotent with respect to R for every e and every i ≤ t − 1. We can assume that t ≥ 1. Since H 0 m (R) is always F -nilpotent we need only to show
After replacing x by x p e for some e ≫ 0, we may assume that xη = 0. We can then take e large, and then chase the following diagram to conclude that F e (η) = 0.
Example 4.3. Let R be the localization of
at the ideal (T 1 , T 2 , T 3 ). Let t 1 , t 2 , t 3 represent the classes of T 1 , T 2 , T 3 in R respectively. Observe that R is local ring of prime characteristic p of dimension 2, depth 1, and x = t 1 + t 2 is an R-regular element.
is not F -nilpotent with respect to R. To see this observe that
and
for all e ≥ 1.
It is then simple to see that every element of H We remind the reader that if I is an ideal generated by a filter regular sequence and if x is a filter regular element on R/I, then x is a filter regular element on R/I
[p e ] for all e ≥ 0 and I satisfies the (LC) condition by Theorem 3.4. In particular, Theorem 4.4 below is applicable to ideals generated by filter regular sequences. 
There is a commutative diagram
where the most left vertical map is the composition
R/(I : x)
Moreover since x and x p e are filter regular elements of R/I and R/I [p e ] respectively, the derived maps of local cohomology modules in positive degrees can be identified with the Frobenius maps F
Therefore we have the following commutative diagram whose rows are exact for any i ≥ 0
Hence there is e ′ ≫ 0 such that F e ′ (η ′ ) = 0. Then the following commutative diagram, whose rows are exact, shows that F x p e )) ∼ = 0 by Lemma 2.4 for all e ≥ 0. Therefore, the commutative diagram
induces the following commutative diagram whose rows are exact for all e ≥ 0:
It easily follows that the assumption H After replacing x by x p e for some e ≫ 0, we may assume that xη = 0. We can then take e large, and then chase the following diagram to conclude that F e (η) = 0.
Remark 4.5. Let (R, m, k) be a local ring of prime characteristic p > 0 and suppose I ⊆ R is an ideal satisfying condition
Then every filter regular element of R/I is also a filter regular element of R/I [p e ] for all e ≥ 0. Ideals generated by a filter regular sequence will always satisfy the above condition, Remark 2.2. ( every filter regular sequence x 1 , . . . , x t we have (x 1 , . . . , x (x 1 , . . . , x t ) ) is F -nilpotent with respect to R. This condition is equivalent to the claim that
The implications (2) ⇒ (3) ⇒ (4) are trivial. Our proof of (4) ⇒ (1) begins with the observation that all hypotheses and desired conclusions are unaffected by passing to the completion of R, see Lemma 2.2 and Proposition 2.8. Condition I e 1 ,. ..,e t−1 ) is F -nilpotent with respect to R for all i ≤ 1. We continue this progress with the same method and we have (1).
We next use the Nagel-Schenzel isomorphism, Lemma 2.3, to provide another equivalent characterization for Frobenius actions to be nilpotent on local cohomology modules. Let x 1 , . .., x t be a filter regular sequence, I = (x 1 , ..., x t ), and suppose that for each e > 0 that (
where
and the map ( 
The vertical maps F e ′ are raising elements to the p e ′ power and the horizontal maps ( Comparing with the condition (4) of Theorem 4.6, the condition (2) of Theorem 4.8 we need to consider all s ≤ t. However, we need only consider Frobenius powers of a filter regular sequence in (2) of Theorem 4.8 instead of mixed pth powers in (4) of Theorem 4.6.
F -nilpotent rings
Recall that a local ring (R, m, k) of dimension d and prime characteristic p > 0 is Fnilpotent if H i m (R) are F -nilpotent whenever i < d and 0
. We now discuss the notion of a relative tight closure of the 0-submodule of a local cohomology module.
Remark 5.4. Let I ⊆ K be ideals of R and suppose K/I is an ideal of R/I generated by t-elements. Then by (2) of Remark 2.6 the tight closure zero submodule of H t K (R/I) with respect to R is
[p e ] ) for some c ∈ R • and for all e ≫ 0}.
By the same remark, the Frobenius closure of zero submodule of H t K (R/I) with respect to R is 0
for some e ≥ 0}.
Similar to (3) of Remark 2.6 we have the following. 
. , x t ). If we identify
Proof. It is easy to see that
Without loss of generality we may assume η is represented by an element x + (I, x 1 , . . . , x t ) in R/ (I, x 1 , . . . , x t ) . We are assuming that there is an e ∈ N such that η is mapped to 0 under 
Since F e (η) = 0 there is a n ∈ N such that
F and η is also represented by
. We also extend (4) of Remark 2.6 in the same way we extend (3) (
In particular, repeated application of (2) provides the following: 
Proof. It easy to see that
Without loss of generality we may assume that η is represented by an element x + (I,
. The Frobenius action
. Hence in the following commutative diagram δ(θ) = η
Since R/(I, x i ) is F -nilpotent, F e R (θ) = 0 for large enough e. So F e R (η) = 0, and hence R/I is F -nilpotent.
An application of the previous theorem is the following deformation type result for Fnilpotent rings. 
Proof. The implications (2) ⇒ (3) ⇒ (4) are obvious. We first prove that (1) ⇒ (2). Suppose R is F -nilpotent and q = (x 1 , . . . , x d ) is a parameter ideal. We may assume x 1 , . . . , x d is a filter regular sequence. Note that R is equidimensional by (3) of Remark 5.8. Applying Theorem 5.9 consecutively we have R/(x 1 ), . . . , R/(x 1 , . . . , x d ) are F -nilpotent with respect to R. Moreover dim R/q = 0 and H 0 m (R/q) = R/q. We also have 0 * R R/q = q * /q and 0 We now wish to show that if (R, m, k) is a local ring of prime characteristic p > 0 which is F -nilpotent and I an ideal generated by part of system of parameters then I * = I F . But first, we will need to discuss the notion of Frobenius test exponent for parameter ideals. is the 0-map. The authors of [HKSY06] are able to show under the weaker hypotheses R is generalized Cohen-Macaulay that F te(R) < ∞.
The second author of this paper uses techniques of this article in [Quy] to provide a simpler proof of the main result of [HKSY06] . An argument, which also utilizes the techniques of this paper, also proves the Frobenius test exponent for parameter ideals of an F -nilpotent ring is finite. where the third equality is follows from Corollary 5.15. Therefore the tight closure of every parameter ideal of R P is equal to its Frobenius closure and the ring R P is now seen to be F -nilpotent by Theorem 5.11.
